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EISENSTEIN SERIES OF WEIGHT 3 /2. 11
BY
TING-YI PEI

ABSTRACT. In a previous paper we proved that for some special levels, in the space of
elliptic modular forms with weight 3/2 the orthogonal complement of the subspace
of cusp forms with respect to the Petersson inner product is generated by the
Eisenstein series. In this paper we prove that this fact is true for any level.

1. Introduction. We prove the following theorem. The notations defined in [1] will
be used throughout this paper.

THEOREM. For any level N and any even character w, the space &(N, w) is generated
by the Eisenstein series E(y, m) with * # id, f,(id,4D), f,(id,8D) and their trans-
forms under the elements of the group G.

The dimension of &(N, w) is known (see §5 of [1]). What we are going to do is to
find a basis of &(N, w), which is generated by the Eisenstein series. The first thing
we do is to find a set of forms in &(N, w) of the number dim &(N, w). The second
thing we do is to prove its linear independence, using their values at cusps. Now we
fix a positive integer N with 4| N and an even character w modulo N with conductor
f. Let ¢ be a positive integer and ¢ a character with conductor m. Given an integer e,
we let e( p) denote the highest exponent of a prime p in e, i.e. p*P)||le. We write n( p)
instead of N( p). The pair (¥, c) is called admissible if one of the following holds:

(1) ¢ and m satisfy

(1.1) c|N,  m|(c,N/c)IN/f,
when n(2) = 4. Here (¢, N/c) denotes the greatest common divisor of ¢ and N/c.
(2) ¢ and m satisfy c|N, m|(c/2°®, N/c)|N/f, and ¢(2) = 0, 1,3 when n(2) = 3,
f2)=3.
(3) ¢ and m satisfy (1.1) and ¢(2) = 0,2,3 when n(2) = 3, f(2) = 0, 2.
(4) ¢ and m satisfy (1.1) and ¢(2) = 0,2 when n(2) = 2.
The number of all admissible pairs is

> o((c, N/c))  ifn(2) =4,
c|N,(c, N/OIN/f

3 2 ¢((e,Nyc)) ifn(2) =3,
c|N’,(c, N/OWN/f

2 2 o(e,N/e)) ifn(2) =2,

c¢IN’ (¢, N/OIN/f
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where N’ = N /2"? and ¢ is the Euler function. Suppose ¢ is a positive integer, y* is
a totally even (in the sense of Serre and Stark [2]) primitive character with conductor
r, and the pair (Y *, r) satisfies

(1.2) () 4r2|N, (i) 0 = ¥*x, = ¢*(i).

We know that the number of all such pairs (y*, ¢) is equal to the dimension of
&, (N, w) (see [2]). For a given (¢*, ), we choose one character K such that
K? = y* and the conductor /i of K is r (when 2} r) or 2r (when 2|r). Moreover, if
two such characters Y* and ¢ have the same p-part for some p, then we choose K
and K, such that they also have the same p-part for this p. Now we put

(1.3) =2t I] p!
ple. pir

where

—

, r(2) =3,
e=1:-1, r(2)=0,:2) =1,
0, r(2)=1(2)=0.

In this paper p always denotes an odd prime unless an additional note is made. By
(1.2) (i) we have ¢|N and 22_eer|,‘p,,p6|N. By (1.2) (ii)) we can verify that
f2Qy<2—e+rQ), f(p)<r(p) when p|r, or f(p) <1 when p|t, ptr. Hence we
have f¢|N. It is easy to see that m|¢ and r|N/¢. Therefore the pair (K, ¢) is
admissible. We call it exceptional. Every pair (¢*, t) satisfying (1.2) corresponds to a
unique exceptional pair in the above way, hence the number of all exceptional pairs
is the dimension of &, ,,(N, w). Therefore the number of all admissible but nonex-
ceptional pairs is the dimension of &(N, w). We can see that if n(2) = 2,3, then
¢(2) = 0 for any exceptional pair.

For every positive divisor ¢ of N, we put g(¢) = ¢((¢, N/c)). Suppose d,,
dy,...,d,., is a full set of representatives of (Z/(c, N/c)Z)*, where the d; are

*“glc
chosen so that (d,, ¢) = 1. Then the set of cusps

S(N)={d,/c,....dy/clc|N}

is a full set of representatives of I'(N)-equivalent classes of cusps. Now we
introduce an order of cusps of S(N). First we put all prime factors of N in a fixed
order as p,=2, p,,...,p,- Then every c¢ corresponds to an ordered series
(c(po)sc(py)s-- - c(p,))- Let ¢, and ¢, be two divisors of N. If there exists an integer
J (0 <j <n)such that ¢|(p;) < c,(p;) and ¢\(p;) = c(p;) (0 < i <j), we say that
¢, precedes ¢, and denote it by ¢, < ¢,. Thus we have an order of all ¢. According to
the order of denominators ¢ we arrange the cusps of S(N) in a line, putting those
cusps with the same denominator in any order.

In the following two sections we shall choose a form F(y, ¢) € &(N, w) generated
by the Eisenstein series for every admissible but nonexceptional pair (¥, ¢) such that

(1.4) V(F(y,c),d/c) = y(d)p (¥)ps(d),
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(1.5) V(F($,c),d/B) =0  (c<B,BIN),

where the term p,(y) does not depend on d, p,(d) does not depend on ¥ and
p,(¥)p,(d) # 0. Define a set of cusps

S,(N) = {d /c,...,dy/c|csatisfies one of (1),(2),(3),(4) }.

Let us construct a matrix 4 = (V(F(¢, ¢), s)), where every row of A corresponds to
a function F(y, ¢) while every column of 4 corresponds to a cusp s of S;(N). We
can introduce an order among the functions { F({, ¢)} as we did for the cusps. The
rows and columns of A are arranged according to the order of F(y,c) and s,
respectively. By (1.4), (1.5) and Lemma 7.1 of [1] we see that 4 is nonsingular,
therefore the set of functions { F({, ¢)} is a basis of &(N, w). If we can find such a
basis, our theorem is proved. Sometimes there are some additional terms in the
right-hand side of (1.4); however, we can show that they do not change the
nonsingularity of 4.
At the end of this section we introduce a Lemma which we shall use later.

LEMMA. Let § and w be primitive characters modulo m and f, respectively. Suppose
m|f and Yw is a primitive character modulo f. Then

(élx,l/(a)w(l +a_"j1‘) =em'/? where|e|= 1.

PrOOF. It is sufficient to prove this Lemma for the case m = p’, f=p* and s = r
(here p can be 2). If s = r (in this case p # 2) we have

S Wa)u(l +a) $ ¥ (5)5(1+b)
a=1 h=1

P 14
=3 ¥ wabMe(l +a)a(l + b)

a=1 ptb,b=1
P P

= 3 ¥(c) D w(1+(c—1)b(1+5)7")
c=1 ptb. ptl+b,b=1

=3 wm{j o(1+(c—16) = S w(l +(c — 1)pb)

=1 bh=1

—:glw(l +(c— 1)1 +pb))}

14 14
=y W) =y S e+

a—=1 a=1

=P
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here we use Lemma 7.2 of [1]. If s > r we have

) ,
;¢wn41+pru>§¢xwau+prw)
am b=1

z¢(c) 2 w(1+p*(c = Db(1 + p* b))

ptb, b=1

2¢M{§(PW“%—UM—%wU+f”WPﬂM%

c=1 b=1 b=1

V4
=p —p ' TY(l+ap")=p".

Now the Lemma is proved.

2. The case of (wy?)? # id. For a given admissible pair (¢, ¢) we define integers
fi, m,, etc, as follows:

f, is the product of those p/(? satisfying ¢( p) < f(p);

m, is the product of those p™(?) satisfying f( p) < m( p);

f; is the product of those p/?’ satisfying 0 < m( p) < f(p) < c¢(p);

f, is the product of those p/t?’ satisfying 0 = m(p) < f(p) < c(p);

u, is the product of those p satisfying p|c, pt mf, 2t c(p), c(p) < n(p);

u, is the product of those p satisfying p|c, pt mf, 2|c(p), c(p) < n(p);

v, is the product of those p satisfying p|c, pt mf, 2t c(p), c(p) = n(p);

v, is the product of those p satisfying p|c, pt mf, 2|c(p), c(p) = n(p);

w is the product of those p satisfying p| N, p t cf.

Put

=2 f=11 p/'7,
pln,

my=2"2 m,=1[[ pm» (i=1,3).
plLf

Hence f=ff\/,fifs m=memmymy, (f, f)=(m,m;)=1if i), and
if p divides N then p divides some unique element of the set {f,, m,, f3, fs,
Uy, Uy, Uy, Vg, W

We decompose w and v into

4
= H(O,-, \l/: Hlpia
i=0 [

where the conductor of w; is f; (0 < i < 4), and the conductor of §, is m, (0 < i < 3).
In this section we con51der all adnu551ble pairs (¢, ¢) with the property (wx[/ 2y =
id. For every such pair, we shall find a form F(¢, ¢) € &(N, w) satisfying (1.4) and
(1.5). We deal with this problem in the following cases. In every case, we shall first
choose positive integers N,, Q, n and characters ¢,, ¢, such that ¢, is a character
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modulo N,, where ¢% # id, Q satisfies Q| N,, (Q, N,/Q) = 1, then we shall define
(see [1] for the definition of E(¢;, N,))

(2.1) g =8(¥, c)(z) = E(¢), M) W(Q),
(22) h=h(,c)(z) = z el

)

(23) q=q(¥,c)(z) =h|V(n),

where W(Q) belongs to the normalizer of I(N) defined in §3 of [1], o is the
conductor of ¢, and V() is the shift operator. Our goal is to obtain g € &(N, w)
and the desired property of its values at cusps. For a given integer s we define
cls]=10,,pP. Let

N/ = fim, f; fyuuy00w, Q' = fimyuu,w,

n' = c¢/mym) f; fyu vy, § :c[mZ]ul’ o’ = mm,msu,,
_ = 2 _ = T

¢ = wwywiwaY”, 9 = WY ¥ X5

where o is the conductor of ¢, and x; = ({) is primitive.
Case 1. n(2) = 4, c(2) < f(2).
We choose

N, = [8,2/@]N], Q=[8,2/®]Q", n=n"/my,
o) = ©91Xq0> ¢, = Y95,

where [a, b] denotes the least commmon multiple of a and b. Then we have
o = myo’. It is easy to verify that ¢, is a character modulo N,. (The notations x, and
x4(2 1d) always denote primitive characters.) Since f(2) > ¢(2) = m(2), f(p) > c(p)
= m(p) (p|f,), the condition (wy?)* # id implies ¢7 # id. By Lemmas 3.1 and 3.2
of [1] and the property of the shift operator V(n), we find that g € &6(N,, w¢§xn),
h € &(oN,, wx,) and gq € &((8, 2/®]fim,myuu,we, ). Since m(p) <
min(c( p), n(p) — c(p)) < n(p) — f(p) by (L.1), the condition c(p) <f(p) (ie.

p|f,) implies ¢( p) = min(c(p), n(p) — c(p)) < n(p) — f(p). This is also true for
p=2 1If f2)<2, then ¢(2) + 3 <4 <n(2). Therefore we can show that

[8,2/@1f,m,m;uu,wc| N, noting the definition of u,, u, and w. This means
q € &(N, w).

By Lemmas 4.4 and 4.11 of [1], we know g vanishes at all cusps of S(N,) except
1/f; fs0,. Remember the fact that a cusp d/c is I'( N, )-equivalent to a cusp in S(N,)
with (¢, N) as its denominator. Let a5, a4, a5 and a4 be positive integers such that

Sl T p"® (i=3,4), oas| [[ p"®,  agl II p"7.
plfi ploy plvy

We see that & cannot vanish only at the cusps d/mym m5a;0,a5a4u, in S(N). Now
we calculate the values of 4 at these cusps. The values at the cusps with ag 7 1 will
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not be used later, so we take ag = 1. We have

d S d + jo,o0.m3!
(24) h|z+ ; )=2¢2(1)g(z+ o705
Mo mye;Qaasi j=1 Mo Ma030 05U,
o/my my _
= 2 E 52%‘1’1‘1’2)(2(’"3]'1)4/3(0"15112)
Hh=1 p=1
d + jia0,0 + j,00,0,0m3°
Xg(z-i— 11345/Jz 3453).
MM mM50400,05U,

There is only one integer j} satisfying
d+jfasaas = Aom3', 1 <jr<om3',

where A is an integer. The fraction in the right side of (2.4) is I'y(V,)-equivalent to
1/, fyv, only if j, = j¥. Therefore

, _ , ) _1\3/2
(2.5) V(h, d/m0m|m2a3a4a5ul) = Wz¢o¢|¢2X§(m3Jr)(°m3l)
o A+ jasa asms!
X om3\j)V ,———345 3 )
jgl ¥s(om3Y) ( g a0,

We have

A B 1 _ }\+ja3a4a5m§') (A B)EF N
(C D)(f3f4”|) ( 50,405 ’ C D o(M),

hence
D = aya405/f3 f40) (mod [8,2/‘2’]f,m2u|),
A =N+ jesagasms' (mod fif4v)).

Now we write ¢ as c[2f,m,u,]c fsf]c[u,00,] and e, as e(d). The law of
quadratic reciprocity is being applied in the following form:

(%)(%) :zf:(a)e(b)e(ab)_l (a, b odd integers).

By Lemma (4.2) of [1] we obtain
(2.6) V(g (A + jagagasms') /oasa,a)

_ o0,
= 53%2(7\ +ja3a4a5m§])54(7\)‘*’0‘*’1“24/(%%24’22( ‘]ij:le)

d
Xe("[ﬁf‘t]l’l)f_l("[ﬁf‘t]f3f40‘30‘40‘5)( AT )

c[2fimyu] )(mOmlm/Zul) 1
(a3a4a5f3f4v, [ Hfilv, V(g’ m«a,)’
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Now we consider the sum

sy
> ¢3(om§]j)53¢32(7\ +ja3a4a5m§')
=1
my ja
S B()a(1+ 22 ).
= m,

j=

= Byts(d ) og0ts)wyd2(om3')

Take n = my/(my, ay ;7). Since f3| ay/(m5, a3 f;'), we have

S B(aw{1+22)
j=1 3

nomy/n_ ba

=3 3 ¢3(a+bn)a3¢§(1 + aaym3’ +—3_.F)
a=1 b=1 (m3,a3f3 )
n ms/n

= 3 @1 + aasm3') 3 Yi(a+bn) =0
b=1

a=1

if n # m,. Furthermore, if n = m;, then
'§ Jfs
j:

ms

%(f)o‘w%(l + ) #0

by the Lemma in §1. Substituting (2.6) into (2.5) we obtain

V(h, d/momm, fiagasu;) = 525354‘1/(‘1)Xd(0[m2f3f4]u1f4"‘4a5)
X wow Wx;(agas)e(cl fifi]o)) e (el 4] faaars)
o[t momo, )

faaa50, cl fi]

where p is a constant independent of d, a4, as.
Furthermore, let ¢/ = ct, where ¢ is a positive integer divisible only by the primes
dividing f,. Assume (y,¢’) is admissible. Then the constant p for it remains

unchanged.
In subsequent formulas, we let p denote a constant of the same nature, whose
value may depend on each formula. Let 7 and a be two integers such that

le, (7, momlm'2f3f4”101) =1, af H prn TP,
Plfa

We have
V(q(y,c), d/car™)173/2V(h, dt/mom,m) f, fyau,v,)
= 5253‘7’4‘1/(‘1"')Xdr(c[mzfsf‘;]aulvl)wowlle?(“)f(C[fszUl)

Xe“'(c[f3f4]avl)( C[zfl;"zl‘l] ) ( mo:[’lj?]'zul )p,‘_-s/z’
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and g vanishes at all other cusps in S(N ). Now we define

F(y,e)(z)= 2 plt)weyxi(0)xi(c[2fimy]mom m})
1(fa. N/©)

Xe(e[ fifalo)e ([ hloit)q(¥, er).
If ¢ is a square-free positive integer satisfying ¢|( f,, N/c), then we can show ct|N
and (ct, N/ct)| N /f. The first divisibility is obvious. Now we consider the second
one. Let p be a factor of f,. If n(p) — ¢(p) = min(c(p), n(p) —c(p)) sn(p) —

f(p), then, of course, n(p) — c(p) — 1 <n(p)—f(p). If c(p) <n(p)—c(p)<
n(p) — f(p), then c¢(p) + 1 < n(p) — f( p). This proves the second divisibility. We

also have m|(ct, N/ct). Hence (¥, ct) is an admissible pair and q(y, ct) can also be
defined. Therefore F({, c) belongs to &( N, w). Noting that V(q(¥, ct), d/car™') =0
if tta and ct[ f,] = c[ f,]¢, we have

V(F, d/car™) = @,0,0,9(d7)x 4, (c[m, f fy]awt0))
Xwow,xpx}(a)f‘yze(c[f3f4]v,)e_1(C[f3f4]a0])

w (C[zfl;n2ul] )(mogflf:"]'zul )ptlzau(t) =0

if « # 1. Finally, we obtain

(2.7) V(F(y, ), d/c) = p,s,9(d ) xa(c*),

(2.8) V(F(y,c),d/B)=0  (BIN,c<B),

where p does not depend on d and ¢* = ¢/c[2 f,] does not depend on y.

Case2.n(2) = 4, m(2) = 3, f(2) < m(Q2) (< ¢(2)).
We choose

N =2mON[ @ =2m0r, = /m,

_ Wb Xqgr f(2) =4, _ | @ovo9s, f(2) =4,
b @ixges f(2) <3, Yoy, f(2) <3,

, =
where my is the conductor of wyy, when f(2) = 4, and m{, = m, when f(2) < 3. By
the method of Case 1 we can find a form F(y, ¢) in &( N, w) satisfying (2.8) and

Py @@ (d)xa(c*),  [(2) =4,
p@,0@,9(d )x 4(c*), f(2) <3.

Case3. )n(2Q)=4,f2)<3,mR2)<2,f2) <c(2)<n2)—3;

(i) n(2) = 5, c(2) = n2) — 2, m(2) = 2, wyx, = idorx_, (v = 2°®); orn(2) = 4,
c2)=mQR2)=12;

(i) n(2) =3,¢(2)=0or 1;

av)n(2) = 2,¢(2) = 0.

We choose

(2.9) V(F(¥,c),d/c) = {

N, = aNyj, Q =aQ’, n=mn'/my,
¢, = 50¢;X7,Q, & = Y3,



EISENSTEIN SERIES OF WEIGHT 3/2. 11 597

where a = (8,2"@) in (i), (iii), (iv), and a = 4 in (ii). By the method of Case 1 we can
find a form F(y, ¢) € &(N, w), satisfying (2.7) and (2.8).
Case 4.n(2) = 4, f(2) = 4, m(2) < f(2) < c(2).
We choose
N, = 2/(2)le’ 0=0, n= nf/2f<2),
91 = WXy, b2 = Vb2
Now o = mo’. Similarly to Case 1 we can show g € 6(N,, w$3x,), h € &(aN,, wx,)
and q € &(mg fym,myu uywe, w) C &(N, w). We can also obtain
— ’ . ’ 3/2
V(h, d/agm myesa,asu,) = wz‘Pl‘Png(moma]*)(mlmz“l) /
moms _ _ L A + jagasa,asmy'ms!
X 2 ‘Po%(mlmz“lJ)V( 8 2033;40‘5 )
Jj=1

where a, satisfies 2/@| a,|2"®, a3, a,, a5 are defined as in Case 1 and j* and A
satisfy

d + j*agoso,as = Amimiu,, o <j* <mmhu,.
We have
A B 1 _ [ A+ jagasagasmyims! (A B)
(c D)(2f<2>f3f40, ) ( syt > | p) EHM).
Hence,

D = agmaas/2/Pf o, (mod fim,u,),
A =\ + jagesaasmy'm;' (mod 2/f, fv,).
By Lemma (4.2) of [1] we obtain
V(g (N + jagasasasmy'm3') /agaaas)
= @@y, ¥5 W3 (A + jagasauasmg'ms')
2 w@zdz,zzl/zz(a0a3a4a5/2f(2)f3f4v|)
><8(dc[f,m2f3j2,]u|f3f4a3a4¢x5 + aom(')')

Xe (e[ fimy fofi]lmm) f; frazazats)

2@+ @y )
A + jagasa asmy'ms!
X dm,myu, ) ( 2701, fi0,1 00052405 )
cl 1] f faazazas c[ fimy]mm)
XV(g,1/2/%f, fyo,).
Now consider the sum

momy . () +c(2)
T 0 VG G 24,2 J“oaa)( 2 A )
W 1+ - .
< Yous( /) @o®@3¥5 ‘l/s( moms, 1+ jagos/mom;,

J

We can show, as in Case 1, that when m > 1, the sum is not zero if and only if
ay = 2@ and a; = f,. When m,, = 1 the sum is not zero if and only if a; = f;. Then
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we can find a form F'(y, ¢) € &(N, w), as in Case 1 (if m, = 1, we take 1| (2 f,, N/c)
instead of ¢|( f;, N/c) when we define F'({, ¢)) such that F’'(¢, ¢) satisfies (2.8) and

(2.10)  V(F(¥.c). d/c) = pwgeey@udx,(d)x (c*)e(de* + 2/@ )
where » = 2°?. Let m’ be the conductor of ¥x,. We have m’(2) < f(2), because

m(2) < f(2) and f(2) = 4. Hence, (2.8) and (2.10) hold for both F'(yx,,c) and
F'(yx_,, ¢). Note thate, = 27'(1 + i + (1 — i)x_,(d)}, so we define
F(4.c) = F'(¥x,. ¢) = ix_(¢*)F'(¥x_,. c)
(if f(2) — m’'(2) = 3, we take +; if f(2) — m’(2) = 1 we take -). It is easy to verify
that F(¢, c) satisfies (2.7) and (2.8).
Case5.(1)n(2)=4,f/2) <3, n(2) — 2<c¢(2) < nR),m2) =0;
(i) n(2) = 5, ¢(2) = n(2) — 2, m(2) = 2, wyX, = X, OF X_, (¥ = 2?);
(i) n(2) = 3, ¢(2) = 2 or 3;
) n(2) =2, ¢(2) = 2.
We choose
Ny=aN;, 0=0'". n=17/a,
P = Wb Xnos P2 T Ys

where a = (8,2?). Note that if ¢(2) = 2, n(2) = 4, then f(2) <2 by (1.1). Similarly
to Case 4 we can find a form F(y, ¢) € &(N, w) satisfying (2.8) and

(2.11) V(F(Y,c¢),d/c) = poy@,@30,9x,(d )x ,(c*)e(de* + a/my).
Cases 1-5 include all possible cases of admissible pairs with (wy?)? # id.

3. The case of (wy?)> =id. In this section we deal with the admissible, but
nonexceptional, pair (¢, ¢) with (©¢?)? = id. The condition (@y?)* = id implies (i)
m2)=f2)+1if f2Q)=4 m2)<4if f(2)<3. (i) c[f,]=m, =1, f, and f, are
square-free, and w1l |/, x}, w4 = Il 1, X/, (iii) 5 = m3 = 1. Now we define integers
uj, uh, v}, v5 as follows:

u; is the product of u, and those p satisfying p|f,, c(p) <n(p), 2|c(p);

u’ is the product of u, and those p satisfying p|f,, c(p) <n(p),2tc(p);

v] is the product of v, and those p satisfying p|f,, c( p) = n(p), 2|c(p);

v} 1s the product of v, and those p satisfying p |f,, c(p) = n(p), 2tc(p).

Then we have
(3.1) Xa(uiv}) = o (d)x (c[ fi]u,).

As in §2 we deal with our problem in the following cases. In every case we shall
choose a character ¢,, an integer 1 and a form g(z) = g(y, ¢)(z). Then we define
¢, = w¢%xn and h(¥, ¢), q(¥, ¢) according to (2.2) and (2.3), respectively. We will
not check that fact that ¢ belongs to &(N, w) every time, but will leave it to the
reader. Let
M= po $=clmpdul, 0 =c/myuivl,
PIN. pto;

’

R AT

Here o’ is the conductor of ¢5.
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In [1] we found the following basis of &(8D, x,), where D is a square-free integer
and /| D:

{G(x,, m,8D)|m|D, m # 1} U {G(x,,4m,8D)|m|D}
U {G(x,.8m,8D)|m|D}.
We also found a basis of &(8D, x,,):
{G(x3,, m,8D)|m|D,m # 1} U {G(x4,,2m,8D)|m|D}
U {G(xy;,8m,8D)|m|D},
and a basis of &(4D, x,):
{G(x;, m,4D)|m|D, m # 1} U {G(x,,4m,4D)|m|D}.

These forms are all generated by the Eisenstein series. We shall use them in this
section.

Case 1. () n(2) = 4,n(2) — 2 < ¢(2) < n(2), m(2) = 0;

(i) n(2) = 5, ¢(2) = n(2) — 2, m(2) = 2, wyX, = X, 0T X, (¥ = 2°P);

(i) n(2) = 3,¢(2) = 2 or 3;

@iv) n(2) = 2, ¢(2) = 2.
We take ¢, = {95, 1 =n'/a and g = G(¢,, av}, aN,), where a = (8, »). By the
method of Case 5 of §2, we can find a form F(¢, ¢) € &(N, w) satisfying (2.8) and
(2.11).

Case2.())n(2) = 5,c(2) =n2) — 2,m(2) = 2, wyx, = id or x_;;

i) n(2) = 4, c(2) = m(Q2) = 2;

(i) n(2) = 3, ¢(2) = 1.

In (i) and (iii) we take ¢, = Y395, 1 = 7' /4 and g = G(¢,, v|,8N,) if v] # 1, or
g = G(¢,4,8N,) if v} = 1. Note that ¢, is x, (/| N,) in (i) and (ii). In (iii) we take
¢, = ¢3,m =1n"/2 and g = G(¢,,20},8N,). We can show that g(v, c) satisfies (2.7)
and (2.8) in all three cases. Now we give the proof only for (iii). We know from §6 of
[1] that g does not vanish only at cusps 1/2v] and 1 in S(8N,). Suppose integers j*
and A satisfy

d + 2/*v] = Ao’ 1</*<g’.
Then we have

V(h,d/20'0}) = ¢,(j*)(0))/*V(g, A/20) = piywab(d)xa(c*),
and
V(h,d/B) =0  (2¢'v) < B, B|8¢’N,).
Here we use Lemma 4.2 of [1] and the fact that ¢, = x,, with /|N,, (/,v}) = 1.
Therefore g satisfies (2.7) and (2.8). We take F(y, ¢) = q(¥, ¢).

From now on we need only consider the case ¢(2) <n(2) — 3 if n(2) =4, or
¢(2) = 01if n(2) = 2 or 3. Put b = (8,2"®) and y = ¥, if £(2) < 3, or Y = @Yy if
f(2) = 4. The conductor of Y is m,,.

Case3.c(2)<n(2)—3ifn2Q)=4,0orc2) =0ifn(2) = 2,3; v} # 1.

Take ¢, = Y05, 1 = n'/m, and g = G(¢,, v}, bN,). We can prove q satisfies (2.8)
and (2.9). We take F(y, ¢) = q(¥, ¢).
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Cased. c2)<n(2) = 3ifn2)=4,0orc(2)=0if n(2) = 2,3; v, = 1, vy # 1.

Let p be a prime factor of v;. Now we take ¢, = Y5, n =1n'/m,p and
g = G(¢,, p, bN, p). ¢, and x/, as its p-part. We can show that /4 vanishes at all
cusps of S(N) except d/op' (6 = myo’, i = 1), and V(h, d/op) = po,(d). Hence g
satisfies (2.8) and (2.9). We take F(¢, ¢) = q(¢, ¢).

Case5.c(2)sn)—3ifn2)=4orc(2) =0if n(2) = 2,3; vjo5 = L u) # 1.

Let p be a prime factor of u}. Take ¢, = Y55, 1 = ' /m, and g = G(¢,, p, bN,).
We can show that g vanishes at all cusps of S(N) except d/op’' (6 = myo’, i = 0),
and

V(g d/c) = V(h,d/c) = ¢,)(-d)o’?V(g.1) = ~y(~d )™ *p~'e,0\( ).

V(g,d/cp') = V(h,d/op') = &,(~d )Xo P') 62 (P')01( P ")e, e (p') 0
(i=1).

The value of ¥(g, 1) is from (5.9), (6.3) and (6.5) of [1]. Further, we define
gy, c) = G(¢|Xp» P> sz)»

0= 3 eDe(= +2).

J=1

a(¥. ¢) = hy | V(c/op).
It is easy to see that

V(g d/cp') = ¢x(=d)xuo( P o p " )ei(p)e ! (p)0? 2 (i=0)
and g, vanishes at all other cusps of S(N). Now we define
F(y,c) =q(¢,c) = e,0,9,(p)g(¥, ¢).

F(y, C) satisfies (2.8) and (2.9).
Now let m% denote the product of all prime factors of m,. Put @,y = x/(s|m3)
and

Xa(sc[mylmom3) = x,(y)  (y|m%.(d, m3) =1).

Case 6. c(2)<n(2) — 3 if n(2) =4, or ¢(2) = 0 if n(2) = 2,3; ujv|v) = 1. The
conductor of Y, x’, is less than m, or y # m3.

Let us take ¢, = Y(¥,Xx}, where £ = u}, 1 = ¢/0, 0 = mé and g = G(¢,, m%, bN;).
Using the same technique as above we can prove that V(h, d/B) = 0 (B|N, 0 < B).
Now we calculate V(h, d/o). Suppose integers j* and A satisfy d + j*m, = Am§,
1 <;j* <myé Then
(3.2)

V(h,d/o) = ¢,(-d)V(g,1)a*/?
my/a _
Hyx: () (mee)? Y @ 3 xpz(ax—A)V(g, 3 1).

- mya”
alm,/m3 x=1 2
ma/m3 (x.my/a)=1
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By Lemma 4.2 of [1] we have
V(g, x/(mza")) = ‘*’0“’1(‘1’6)2("12/“'"3)e(c[mz]mz'@)

xe-'(c[mzla)(C[Z]m‘)(—l)m_w)( )

m,m3a ac[m,]s
Note that
my/a _
63 I lex- W o)
(x,my/a)=1

m3 o\ e
= 2 (m) Y dylax +jamy —A) =0
= 2 =
(X-’zz/lll)zl /=
if a # m,/m%, and
(3.4)

5 (2ol ) 30 ) s o

(x,)fn:'5;:| ni(x, myy™")

A+ xnm2 + Jynm,
m3

= 3 (4] 5 (2

nlm y x=1 y

= xpz(—d)x;(—dmo&m;y-')¢2(mo£)u(mzy-‘)
<3 (3)6( e 2)

Y

R

m3/ny (
Jj=1

Substituting (3.3) and (3.4) into (3.2) we obtain
(3.5) V(gq(y,bc),d/c)=V(h,d/o)

_ , -3,2
= Gywgbg¥n(d)x 4(c*mym3 )0 2(m3) 2y %,
- ’ ’ 12 _
_"-’2“’4%4/2Xy(d)Xd(c*m2m§)03/2(’"3) vy~ %0,
where p,, p, are constants with | p, |=| p,|= 1. Here we use the Lemma in §1 and the
fact that ¢, = x, or x,, with / = m3%/y. If the conductor of y,x’, is less than m,, the
appearance of the second term in (3.5) does not influence the nonsingularity of the

matrix 4 defined in §1, so we take F(y, ¢) = q(¥x}, ¢) where i = m,m3. Note that
the conductor of ¥, x; is still m,. If the conductor of y,x’, is equal to m,, then

V(g(¥x,, c), d/c) = @rogibrx’,(d)xa(c*mym? ) o>/ 2 (m3) " y' /%,

Bt mams)o A (ms )y
and V(q(¥x, ¢), d/B) = 0 (B|N, c < B). If y % m3} we can find a form F(, c) as

a linear combination of g(yx;, ¢) and g(¥x,;, ¢) such that F(y, c) satisfies (2.8) and
2.9).
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/W]

Now we suppose ujv vy = 1, y = m3% and the conductor of y,x/, is equal to m,.
Then w,ww, = ¥3x; where & = cf,u;/2°Pm,, and ¥, and ¢; have the same conduc-
tor. This means there exists an exceptional pair (KK, ¢) such that

(3.6) ¥, = KX, (nlm3), /2% =¢&/2,

Take r/r® = m,, t/t® = ¢ in (1.3), where the conductor of K, is a power of 2 and
the conductor of K, is odd. By our choice of K in §1, K, is uniquely determined. In
the following we fix ¢/2°® and K ,.

Case7.c(2) <n(2)— 3ifn2Q)=4o0rc(2)=0ifn(2) =2,3

¥, = K,x,, (n|m3, n # 1),

¢ satisfies (3.6).
We take ¢, = ¢;K,x4 (A = m,u}), 0 = muj, n=c/o and g = G(¢,, n, bN,).
Similarly to Case 6 we can show that

(3.7) V(g(y,¢),d/c) = 62“’44’(’)"/2(‘1)Xd(C*)OB/zn_lpl
— 0,090 Ko(d)x 4(c*)o? *n"'py,

and V(q(y, ¢), d/B) = 0 (B|N, ¢ < B). Then we take F(y, ¢) = q(¥, ¢).

Up to this point we have completed the proof of our Theorem for the case
n(2) = 2,3. If n(2) = 4 we need the following further consideration. In Cases 8 and
9, ¢ always satisfies (3.6), ¢, = UK,x5 (N = myu;), 0 = muj, m = c/a. We can see
that ¢, = x, or X,

Case 8. n(2) = 4, ¢(2) < n(2) — 3; ¢, = K, c satisfies (3.6), ¢, = x,,, and m(2) >
0. Note that if m(2) =0 in this case, (Y, ¢) becomes an exceptional pair (take
r(2) =0, 1(2) = ¢(2) + 1 in (1.3)). Now take g = G(x3,2,8N,). Then we can show g
satisfies (2.8) and

V(q, d/c) = 03 %,(-d)V(g, 1) + (6/2)¢,(-d + 0/2)
= —2_1/2‘7’2“)4%‘1/2(—‘1)X-d(C*)°3/2-

Here we use V(g,1)=-27%? from (6.5) of [1], and yj(-d + 0/2) = —yy(-d).
Therefore F(y, ¢) = g(¥, ¢) satisfies (2.8) and (2.9).

Case 9. n(2) = 4, c(2) <n(2) — 3; ¥, = K,, c satisfies (3.6); ¢, = x, (¥, ¢) is
nonexceptional.

Note that if m(2) = ¢(2) = 0, then (¢, ¢) is exceptional (take r(2) = #(2) = 0 in
(1.3)). Suppose m(2) >0 at first. The condition ¢, = x , implies w, = Vixy (A=
26@=m@g (~1)). Taking r(2) = m(2) — 1, t(2) = ¢(2) — m(2) in (1.3), we see there
exists an exceptional pair (K,K,, ¢) such that K¢ = yg. Since (i, ¢) is nonexcep-
tional, we have ¢, = Kox_,, Ko, or Kox_,. We take

g(Kx_i,c) = g(Kx,, ) = G(id, 4,8N,),
g(Kx_,,c) = G(id, 8,8N,).
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We can show that g(Kx_,, ¢), 9(Kx,, ¢), (KX _,, c) satisfy (2.8), and by a calcula-
tion we obtain

(3.8) V(‘I(KX 15€)s d/c) =-87'(1+ 1)03/2w1w2w4(—d)x (%)

Kxd) + K S (a1 + ’7"))

(3.9) V(g(Kxy. ), d/c) = 871 + i)0™ %&\@,0,(~d )X _y(c*)

Kx(-d) + iKx_5(-d) él ('—J—-l')%(l + jjo)),

j:

(3.10)
(fI(KX 2:€), d/c) (1 + ’)03/2"’1‘07‘*’4(—‘1))( d(C*)

k() ~ 25K 3 (2 )oaf1+ %)

J=1

j_

+27%2iKx _,(-d) §| (%)%(1 + %))

where @] = w, if f(2) = 4, w| = 1 if f(2) < 3. Here we use
g =2"{(1+i)+ (1 —i)x_,(k)}.

If 0 <m(2) <3, then Y, = x_;, X, or x_,. We need only take idinstead of K|
above to get the desired form.

Now we suppose m(2) = 0, ¢(2) > 0. Take ¢, = K, x (A = m,uy), 6 = myuj,
n = c/20 and g = G(x,,2,8N,). We can also prove that g satisfies (2.7) and (2.8).
Finally we take F(¥, ¢) = q(¥, ¢).

We have already found a form F(y, ¢) for every admissible, but nonexceptional,
pair (¥, ¢). As mentioned in §1, we can prove that A is not singular by Lemma 7.1 of
[1]. It is easy to see that the second terms in (3.5), where the conductor of ¥, x’, is less
than m,, and in (3.7) do not influence the nonsingularity of the matrix 4. When d
runs over dy, dy,...,d,,, where g(c) = ¢((¢, N/c)), the three vectors (3.8)—(3.10)
are linearly independent. Then our theorem is proved. The proof here covers those of
§7 in [1].
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